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A quantum critical (QC) fluid exhibits universal subleading corrections to the area law of its entanglement
entropies. In two dimensions when the partition involves a corner of angle θ, the subleading term is logarithmic
with coefficient aα(θ) for the α-Re´nyi entropy. In the smooth limit θ→ pi, a1(θ) yields the central charge of
the stress tensor when the QC point is described by a conformal field theory (CFT). For general Re´nyi indices
and angles, aα(θ) is richer and few general results exist. We study aα(θ) focusing on two benchmark CFTs,
the free Dirac fermion and boson. We perform numerical lattice calculations to obtain high precision results in
θ, α regimes hitherto unexplored. We derive field theory estimates for aα(θ), including new exact results, and
demonstrate an excellent quantitative match with our numerical calculations. We also develop and test strong
lower bounds, which apply to both free and interacting QC systems. Finally, we comment on the near collapse
of aα(θ) for various theories, including interacting O(N) models.
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I. INTRODUCTION
Quantum entanglement provides a valuable characteriza-
tion of the universal low-energy physics of diverse quantum
many-body systems1. At quantum critical points (QCPs) in
particular, entanglement measures contain universal functions
that only depend on the various scale-invariants of the geom-
etry of the entangling bipartition. In d = 1 spatial dimen-
sion for example, the entanglement entropy of a sub-region
diverges logarithmically with the size of the sub-region, with
a coefficient that measures the central charge of the associ-
ated conformal field theory (CFT).2–5 In higher dimensions,
measures of entanglement are crucially sensitive to the non-
trivial geometries of the sub-region. Recent work6–19 has ex-
plored the universal parts of these entropies, and even identi-
fied quantities that play the role of the central charge in higher
dimensions by organizing critical theories under the renormal-
ization group flow. The possibility of a quantum non-local
property like entanglement acting to organize interacting crit-
ical theories in all dimensions is an exciting prospect.
In this paper, we study the entanglement of critical systems
in two spatial dimensions (d = 2). We focus on bipartitions
that contain one or more corners, which arise naturally in lat-
tice models and are easily accessible numerically. Consider a
sub-region A of linear dimension ` with a single corner with
opening angle θ (Fig. 1). A frequently-used measure of the
entanglement between A and its complement A¯ is the Re´nyi
entropy with index α, given by
Sα(A) ≡ 1
1− α ln(Tr ρ
α
A), (1)
where ρA is the reduced density matrix of the sub-region A
in the ground state. Note that S1(A) is the familiar von Neu-
mann entanglement entropy. In a gapless system without a
Fermi surface, it is known that Sα(A) scales with the size of
A according to
Sα = Aα `
δ
− aα(θ) ln
( `
δ
)
+O(1) , (2)
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FIG. 1. Examples of corners in the entangling boundary, super-
imposed on an underlying square lattice, with opening angles of
θ = pi/4 (left panel) and tan θ = −2 (right panel).
where δ is a lattice length scale,Aα is the non-universal “area-
law” coefficient, and the sub-leading logarithmic term is a
consequence of the corner in the boundary of A.
The corner coefficient aα(θ) is universal, being indepen-
dent of the short distance cutoff δ, and constitutes the focus of
this article. Recent numerical work on the interacting quan-
tum critical theories that arise in the 2d Ising, XY and Heisen-
berg models20–25 suggests that this corner coefficient provides
a measure of the low energy degrees of freedom of the critical
theory. Partially motivated by these developments, Refs. 26
and 27 conjectured that the central charge associated with the
stress (energy-momentum) tensor of the CFT underlying the
critical point is proportional to a1(θ→ pi). This relationship
provides a way to estimate the central charge starting from a
realistic (lattice) wavefunction. Subsequent works28–30 proved
this conjecture, providing an important relationship between
the corner coefficient and a fundamental property of the CFT.
Beyond the smooth angle limit, θ → pi, little is known
about the physical content of aα(θ) at general angles and
Re´nyi indices, even in free theories. Previous works9,31–33
have computed aα(θ) in free theories at special angles like
θ = pi/2, pi/4 that are “natural” for a square lattice (see Fig. 1)
In this article we explore the universal content of the cor-
ner coefficient for a variety of opening angles θ beyond those
commensurate with the lattice in two prototypical free CFTs,
the Dirac fermion and complex relativistic boson, using two
different methods. After first reviewing some general proper-
ties of the corner coefficient in Section II, in Section III we
derive a field theory approximation for aα(θ) by expanding
around the smooth limit. From this, we obtain high-precision
values for a variety of angles, as well as a rigorous new set
of lower bounds, which apply to free and interacting theories.
Then, in Section IV we solve the two theories exactly on finite
lattices. Using detailed finite-size extrapolations, we obtain
aα(θ) in the thermodynamic limit. We find excellent agree-
ment between the lattice numerics and field theory results. We
also discover that aα(θ), when properly normalized, approx-
imately collapses to a single curve in a variety of theories.
This occurs in a broad range of angles and Re´nyi indices. In
addition, previous theoretical treatments34 pointed out a sur-
prising duality between the corner coefficients of the complex
boson and the Dirac fermion in the smooth angle limit. We
find that this duality approximately holds far away from that
limit, even up to θ = pi/2. Taken together, our results indicate
that calculations on natural lattice angles, such as θ = pi/2,
may be enough to approximately study relationships derived
in the smooth angle limit. This bodes well for the continuing
interplay between lattice numerics and quantum field theory in
the geometrical study of entanglement in correlated systems.
II. PROPERTIES OF THE CORNER COEFFICIENT
We begin by reviewing some general properties of the cor-
ner coefficient. First, aα(θ) is symmetric about pi such that
aα(2pi − θ) = aα(θ). (3)
This follows from the equality Sα(A) = Sα(A¯) in any pure
state. We therefore restrict our analysis to 0 < θ ≤ pi in
this article. Second, it was shown35 that for CFTs, the corner
function at α = 1 is decreasing and convex for 0 < θ ≤ pi:
a′1(θ) ≤ 0 , a′′1(θ) ≥ 0 . (4)
Eq. (4) was derived using the strong sub-additivity (SSA) of
the entanglement entropy S1(A) and Eq. (3). As the deriva-
tion does not assume Lorentz invariance, Eq. (4) should hold
at all scale invariant quantum critical points. Indeed, they can
be explicitly seen to hold for a special class of z = 2 Lifshitz
QCPs7 (see also Ref. 34).
Next, the corner function vanishes as θ → pi because the
corner disappears in the smooth limit. In fact, we have
aα(θ ' pi) = σα · (θ − pi)2, (5)
which follows because of 1) the reflection property Eq. (3),
and 2) the expectation that the corner function is analytic
about pi. For general CFTs, the results of Ref. 36 imply that
Eq. (5) holds for integer α≥2. Ref. 30 proved Eq. (5) at α=1,
as well as the conjecture26 that the coefficient σ1 is given by
σ1 =
pi2
24
CT . (6)
CT is the central charge associated with the stress tensor
Tµν of the CFT: 〈Tµν(x)Tλρ(0)〉 = CTIµν,λρ(x)/|x|6, with
Iµν,λρ being a dimensionless tensor structure fixed by con-
formal symmetry.37 When all the indices are set to the time-
direction, the 2-point function describes the universal part of
the energy density correlations in the groundstate. For the
complex boson and Dirac fermion,37 CT = 3/(16pi2).
Interestingly, when Eq. (6) is combined with SSA, it leads
to the general lower bound38
a1(θ) ≥ pi
2CT
3
ln(1/ sin(θ/2)) . (7)
For (unitary) CFTs, CT ≥ 0 implying in particular that the
corner function is non-negative. It was further found that even
at θ= pi/2 (away from the smooth limit), a1(pi/2)/CT takes
approximately the same value in a wide range of CFTs.26,27,38
Specifically, a1(pi/2)/CT ≈ 1.2, which nearly saturates the
3lower bound of (pi2/6) ln 2 ≈ 1.14, Eq. (7). These observa-
tions help understand why a1(pi/2) is seen to scale linearly
with N for the O(N) Wilson-Fisher QCPs26: a conformal
bootstrap calculation39 has shown that CO(N)T 'CO(1)T N for
N = 1, 2, 3.40 This linear scaling of CT then translates to an
approximate linear-in-N scaling for a1(pi/2).
In the opposite limit of θ → 0, the lower bound Eq. (7)
implies that a1(θ) diverges. The actual singularity is stronger
than the logarithmic one found in Eq. (7) and obeys31
aα(θ ' 0) = κα/θ , (8)
where κα is a universal constant characterizing the system. To
heuristically understand this divergence, let us imagine that
the subregion A is an isosceles triangle with an angle θ going
to zero, as the adjoining segments, of fixed length, approach
each other. The entropy of A needs to vanish in that limit, but
the area law prefactorAα, in Eq. (2), remains finite. Since the
corner contribution is negative, Eq. (2), its growth as θ → 0
will counteract the area law, and thus contribute to the vanish-
ing of the entire entropy Sα(A).
For critical ground states described by CFTs, κα also dic-
tates the universal part of the entanglement entropy of a thin
strip as the width is sent to zero.9,27 As such, κα appears in the
universal entanglement on torus and cylinder topologies,41,42
i.e. in systems with periodic boundary conditions.
III. FIELD THEORY RESULTS
In this section, we use quantum field theory methods to ob-
tain precise estimates and new lower bounds for the corner
function. We test our methods using the the free relativistic
boson and Dirac fermion. The central idea is to expand the
corner function about the smooth limit θ = pi such that9
aα(θ) =
∑
p=1
σ(p−1)α · (θ − pi)2p , (9)
where σ(p)α are the smooth limit expansion coefficients. (Note
that we also use the notation σ, σ′, σ′′ for the first three coef-
ficients.) Only even powers appear due to the reflection sym-
metry about pi, Eq. (3). Below, we shall obtain most of the
boson and fermion smooth limit coefficients by numerically
evaluating integrals9,31, although in certain cases we are able
to derive new analytical answers. The σ(p) coefficients are not
only easier to evaluate than the full a(θ), but also play a key
role in obtaining lower bounds, as we now explain.
A. General bounds
We obtain strong lower bounds for aα(θ) valid for general
Re´nyi index in a wide array of theories. The starting point is
the reflection positivity property of Euclidean quantum field
theory, which leads to an infinite set of non-linear differential
inequalities for integer α≥2 Re´nyi entropies.43 When applied
to the corner function these can be simply expressed using a
determinant of derivatives as43
det
{
∂j+k+2θ aα(θ)
}M
j,k=0
≥ 0 , (10)
where M ≥ 0. Expanding the determinants, the first two
inequalities, M = 0 and 1, respectively read
∂2θaα ≥ 0 , (11)
∂2θaα∂
4
θaα − (∂3θaα)2 ≥ 0 . (12)
The first one implies that the corner function is convex as a
function of θ. Crucially, the differential inequalities Eq. (10)
can be “integrated” to yield the lower bounds38
aα(θ) ≥ a(M)α (θ) . (13)
As we shall see, the higher the M , the stronger the lower
bound on aα(θ). The lower bound function a
(M)
α (θ) is the
solution of the non-linear differential equation obtained by re-
placing the inequality in Eq. (10) by an equality:
det
{
∂j+k+2θ a
(M)
α (θ)
}M
j,k=0
= 0 . (14)
Thus to obtain a(M)α , we need to solve an initial value prob-
lem by providing M initial conditions at θ = pi,38 namely
∂2sθ a
(M)
α (pi) = ∂2sθ aα(pi) = (2s)!σ
(s−1)
α , for s = 1, . . . ,M .
The odd derivatives vanish because of the reflection property,
aα(θ) = aα(2pi− θ), and aα(pi) = 0. We emphasize that this
applies to all CFTs.
The non-linear differential equation (14) for M > 0 gener-
ally needs to be solved numerically. An exception was pre-
viously found38 for M = 1, see Eq. (12), where the exact so-
lution is a(1)α (θ) = σα (θ − pi)2. We note that in this special
case the bounding function exactly gives the corresponding
smooth-limit expansion up to order 2M . This simple feature
does not hold at M > 1. Here, we obtain new closed-form
expressions for M = 2:
a(2)(θ) =
σ2
6σ′
{
cosh
[
( 12σ
′
σ )
1/2(θ−pi)
]
− 1
}
, (15)
and for M = 3:
a(3)(θ) =
(
σ − 2(σ′)25σ′′
)
(θ − pi)2
+
2(σ′)3
75(σ′′)2
{
cosh
[
( 30σ
′′
σ′ )
1/2(θ−pi)
]
− 1
}
, (16)
where we have omitted the Re´nyi index for clarity. It can be
explicitly checked that they satisfy Eq. (14). As advertised,
a(M) is determined by the first M coefficients of the smooth
limit expansion of a(θ). Using recently derived bounds38 for
the coefficients σ(p), we can explicitly show that a(3)(θ) ≥
a(2)(θ) ≥ a(1)(θ). This can be seen by Taylor expanding the
functions about pi. Furthermore, for these 3 values of M , the
corresponding truncated series at order (θ−pi)2M is less than
a(M), and is thus itself a lower bound for a(θ). It would be
interesting to extend our exact analysis to all values of M .
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FIG. 2. Lower bounds on a2(θ) for the boson. M =5 lower bound
a
(5)
2 (θ), together with the corresponding series including terms up to
(θ − pi)10. The shaded region is not allowed. Also shown are the
high precision ansatz Eq. (22), and the BMW ansatz Eq. (21) for the
entire corner function. The markers represent the lattice results, see
Section IV.
However, due to the difficulty in doing so, we now proceed
via explicit examples.
We test this new family of lower bounds using the free rel-
ativistic boson. In Fig. 2, we show the numerical solution for
the bounding function at M=5 and Re´nyi index α=2. Here,
a(5) is strictly greater than the M = 1, 2, 3 ones given above,
hence we do not show the latter. As a comparison, we also
examine the corresponding truncated series to order (θ−pi)10
(see subsections III B and III C),9 and explicitly confirm that∑5
p=1 σ
(p−1)
2 (θ−pi)2p is strictly less than a(5)2 (θ), see Fig. 2.
Since the number of terms in the differential equation for a(M)α
grows factorially with M , it is quite difficult to proceed be-
yond this M = 5 bound, at least by naively solving the differ-
ential equation. Although not shown, analogous results hold
for the Dirac fermion. Given this evidence, we expect that the
following hierarchy will extend to general M :
M∑
p=1
σ(p−1)α (θ − pi)2p ≤ a(M)α (θ) ≤ aα(θ) . (17)
For 2<M ≤5, we find that the inequalities above are strictly
lesser. In particular, Eq. (17) would imply that for any given
M we can use the truncated series at order 2M as a lower
bound for the full corner function. This latter statement is nat-
urally consistent with the conjecture38 that all the expansion
coefficients σ(p)α are non-negative, and that the series about
θ = pi has radius of convergence pi. All theories for which
some or all of the σ(p)α are known satisfy these positivity and
analyticity properties.38
1. Bound for von Neumann
The inequalities (10) were obtained for the Re´nyi entropies
with integer values α ≥ 2. Ref. 38 suggested that they can
be extended to all Re´nyi indices α > 0. We now test and
explore the consequences of this statement for the von Neu-
mann entanglement entropy. In particular, this means that we
can set α = 1 in Eq. (17). This provides a new set of lower
bounds (one for each M ), assuming we know a few of the
coefficients σ(p)1 for p ≥ 1. These coefficients are known
up to p = 7 for the boson and p = 6 for the fermion (see
Ref. 32 for a partial list; Tables III and IV in Appendix A give
the full list to high precision). As discussed above, a(M)1 (θ)
would in principle provide a better lower bound, however
it is difficult to obtain numerically at such high values of
M . We thus use the truncated series to get lower bounds,
a1(θ) ≥
∑M
p=1 σ
(p−1)
1 (θ − pi)2p, for M = 8, 7 respectively.
These constitute the strongest bounds to date on the cor-
ner entanglement at α = 1 for both theories, at least away
from very small angles. As θ → 0, the true corner func-
tion diverges whereas the truncated series tends to a finite
value. For sufficiently small θ, a better bound can be obtained
from the strong sub-additivity of the entanglement entropy,
see Eq. (7).38 As a further non-trivial check of this new set of
bounds, in Appendix C we verify that they hold in a class of
strongly interacting quantum critical theories described by the
gauge/gravity (AdS/CFT) duality.
We now turn to the explicit field theory calculations for the
boson and Dirac fermion theories, for which we obtain new
exact results.
B. Massless complex boson
The Lagrangian density of a massless complex boson, ar-
guably the simplest CFT, is 12 |∂µϕ|2, where ϕ is a complex
field. (We have set the velocity to unity.) Using the replica
trick, the corner function at integer Re´nyi index α> 1 can be
expressed as (see Ref. 9 and references therein)
abα(θ) =
α−1∑
k=1
8k(α− k)
α2(α− 1)
∫ ∞
1
2
dmm
√
m2 − 14
×
∫ pi
θ
dy Hk
α
(y,m), (18)
where H k
α
determines the trace of the Green’s function Gb of
a massive boson (massm) on a 2-sphere with a cut of opening
angle θ.31 The cut is simply the intersection of the entangling
region (a wedge) with the sphere. More precisely,
TrGb = −8pi
(
1− kα
)
k
α
∫ pi
θ
dy Hk
α
(y,m) . (19)
For each integer k, k/α determines the twist of the Green
function across the cut. The form of Eq. (18) follows from
symmetry: even in the presence of the wedge-shaped entan-
gling region, the problem has a radial spacetime symmetry.
This is why it reduces to solving the Green’s function on a 2-
sphere. In the case of the von Neumann entropy α = 1, the
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FIG. 3. σ(p)α coefficients for the boson, see Table III, normalized by
their large-p asymptotic value, 2κα/pi2p+3. The p=0 ones are not
shown because they are substantially greater. The κα are given in
Ref. 34.
sum in Eq. (18) is replaced by the integral
ab1(θ) =
∫ ∞
0
dt
16pi(t2 + 1/4)
cosh2(pit)
∫ ∞
1
2
dmm
√
m2 − 14
×
∫ pi
θ
dy H−it+12
(y,m) . (20)
The functionHa is the solution of a complicated set of ordi-
nary non-linear differential equations9. As mentioned above,
a convenient way to attack the problem9 is to obtain an expan-
sion for aα(θ) as a series around θ = pi, Eq. (9). We list the
first few expansion coefficients in Table III of Appendix A.
The leading coefficients σα are known exactly from previous
works26,28. We have obtained new exact answers for σ′α, with
α = 1, 2, 3. For instance, σ′1 = (20 + 3pi
2)/(9216pi2) ≈
5.45×10−4; the derivation of this new result is outlined in Ap-
pendix B. Ref. 38 conjectured that σ′1 is related to the ground-
state 4-point function of the stress tensor; it would be interest-
ing to test this claim for the free boson using our exact result.
In this respect, the methods of Refs. 30 and 36 could be used.
The other coefficients σ(p>1)α were obtained by numerically
evaluating integrals to high precision.
C. Massless Dirac fermion
A single Dirac fermion has Lagrangian density ψ¯iγµ∂µψ,
where ψ is a 2-component spinor. The calculations of the
entanglement entropies are analogous to the boson case de-
scribed above, and we refer the reader to Ref. 9 for the details.
We list the first 7 smooth-limit expansion coefficients in Ta-
ble IV of Appendix A. The leading coefficients σα are known
exactly from previous works.26,28,34 As for the boson, we have
obtained new exact answers for σ′α, α = 1, 2, 3. For example,
we have found σ′1 = (16 + 3pi
2)/(9216pi2) ≈ 5.01 × 10−4,
which is less than the bosonic answer, but nevertheless shares
a very similar structure with it. The other σ(p>1)α were ob-
tained by numerically evaluating integrals with high precision.
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FIG. 4. Comparison of the field theory ansatze with the truncated
series for ab2(θ) including terms up to order (θ − pi)16. The series is
expected to be a lower bound. Also shown is the small angle behavior
κ2/θ.
D. High precision ansatz
We now discuss ways to obtain high-precision estimates for
the corner entanglement function at all angles. This becomes
especially valuable at small angles, such as θ= arctan(1/2),
because there the truncated series (to the order we have com-
puted it) cease to be accurate. Ref. 34 proposed a simple
closed-form ansatz for the corner function aα(θ) given in
terms of the smooth limit coefficient σα and the sharp limit
one, κα:
aBMWα (θ) =
2pi(κα − 3piσα)
pi2 − 6
(θ − pi)2
θ(2pi − θ)
− 3(2κα − pi
3σα)
pi(pi2 − 6) [1 + (pi − θ) cot θ] . (21)
We refer to this equation as the “BMW ansatz” below. This
function obeys the exact asymptotics as θ→ 0, pi, and satis-
fies non-trivial properties required for the corner function.34
In fact, it is a linear combination of corner functions for 1) a
class of Lifshitz quantum critical points,7 and 2) the so-called
Extensive Mutual Information model,44,45 respectively.
Here we derive a more refined ansatz for aα(θ) by employ-
ing the full truncated series instead of only the first term, pro-
portional to σα. This “new ansatz” takes the form:
a˜α(θ) =
M∑
p=1
σ(p−1)α (θ − pi)2p +
2κα
pi2M+1
(θ − pi)2(M+1)
θ(2pi − θ)
(22)
whereM corresponds to the number smooth limit coefficients
used. Whenever we quote numerical values using this ansatz
we use M = 7, 8 for the fermion and boson, respectively. In
Eq. (22), the finite sum is simply the smooth limit expansion
up to order 2M . The second term follows from exactly per-
forming the infinite sum,
∑∞
p=M+1 σ
(p−1)
α (θ− pi)2p, with the
replacement σ(p−1)α → 2κα/pi2p+1. The series is geometric
6and can be simply evaluated. The motivation behind this re-
placement is the observation that for sufficiently large p, the
coefficients decay exponentially as38
σ(p)α '
2κα
pi2p+3
, p 1. (23)
This “smooth-sharp connection” follows from the assumption
that the series about θ = pi has radius of convergence pi: thus,
summing all the high p terms must yield a κα/θ divergence
at small angles, which yields the asymptotics Eq. (23). The
new ansatz thus also takes as input the value of the sharp limit
coefficient κα. Eq. (22) will thus have the correct M first co-
efficients σ(p)α , and the correct behavior as θ → 0. In contrast
the BMW ansatz Eq. (21) only takes as input the first coeffi-
cient σα (and κα): it will not be as accurate as the new ansatz
for large angles. We note that the BMW ansatz also captures
the correct small angle dependence. As illustrated using a2(θ)
for the boson in Fig. 2, both the new ansatz and the BMW one
yield very similar results. This being said, Eq. (22) will be the
more accurate of the two, and to our knowledge constitutes
the most precise estimate for aα(θ). Indeed, the validity of
the ansatz for the free boson and fermion CFTs is supported
by the fact that for M = 7, 8, the smooth limit coefficients
are already very close to their asymptotic form, Eq. (23), as
illustrated in Fig. 3. In that figure we further see that the σ(p)
approach their asymptotic value from above, suggesting that
our new ansatz is also a lower bound for aα(θ).
IV. RE´NYI ENTROPIES IN FREE FIELD THEORIES ON
THE LATTICE
In this section, we review the basics of the exact com-
putation of Re´nyi entropies on finite lattices in the free bo-
son and the free Dirac fermion theories. We use correlator-
based methods46–48 that rely on Wick’s theorem being satis-
fied in the ground state. Specifically, we numerically eval-
uate two-point correlators restricted to the sub-region A in
the ground state and diagonalize the resulting matrices to ob-
tain Sα(A). Numerical methods for evaluating these corre-
lators are a useful alternative to analytical integration tech-
niques in the continuum31,32, particularly in higher space-time
dimensions, where high-precision analytical calculations may
become infeasible (or impossible). We perform our calcu-
lations on the square lattice with a finite number of lattice
sites N , motivated by the setup for interacting theories in two
dimensions21,22,24. Similar calculations have previously been
performed at special angles in Ref. 9 and 31.
A. Free Boson
Consider a finite two-dimensional square lattice, such that
a complex scalar field φx,y and its conjugate momentum pix,y
exist at each lattice point. The free theory is described by the
following lattice Hamiltonian,
H =
1
2
Lx,Ly∑
x,y=1,1
[
|pix,y|2 + |φx+1,y − φx,y|2 (24)
+ |φx,y+1 − φx,y|2 + m2|φx,y|2
]
,
where Lx and Ly are the linear dimensions of the lattice with
open boundary conditions and |O|2 = O†O for operator O.
Simplifying the notation with the total number of sites N =
LxLy and i = xLy + y, the Hamiltonian may be rewritten as
H =
1
2
N∑
i=1
pi†ipii +
1
2
N∑
i,j=1
φ†iMijφj . (25)
The matrix M is the discrete laplacian (up to a diagonal
term) on the square lattice. The groundstate two-point cor-
relations are given by Xij = 〈φ†iφj〉 = (M−1/2)ij and
Pij = 〈pi†ipij〉 = (M1/2)ij . These correlations and the result-
ing matrices X and P may be obtained explicitly in many ge-
ometries and numerically in others. See, for example, Ref 33
for explicit expressions for 〈φ†iφj〉 and 〈pi†ipij〉 for both Dirich-
let open boundary conditions (with φi = 0 outside the lattice)
and periodic boundary conditions.
In order to calculate the entanglement entropies, we use the
method first introduced in Ref. 48. The two-point correlators
define the reduced correlation matrix CA =
√
XAPA, where
XA and PA are the matrices X and P (respectively), but with
indices i, j restricted to region A. The von Neumann and
Re´nyi entropies for the free boson Hamiltonian of Eq. (24)
can be written in terms of the eigenvalues λi of the matrix CA
as9
S1(A) =
NA∑
i=1
[(λi + 1) ln (λi + 1)
− (λi − 1) ln (λi − 1)− 2 log(2)] , (26)
Sα(A) =
2
α− 1
NA∑
i=1
ln
[
(λi + 1)
α − (λi − 1)α
2α
]
, (27)
where NA is the number of sites A.
We note that in practice the numerical calculations are per-
formed for the real scalar boson as opposed to the complex
one. We then multiply all the entropies by two to extract the
corner coefficient of the complex boson to compare to the field
theory calculations of previous sections.
B. Free Fermion
Consider a square lattice with two fermions per site. In or-
der to obtain a single Dirac fermion at low energy, we assume
that the Hamiltonian in momentum space has the form
H =
∑
k
ψ†k (h(k) · σ)ψk, (28)
7with
h(k) = (sin kx, sin ky, 2− cos kx − cos ky) , (29)
where Ψk is the fermion spinor at momentum k = (kx, ky),
σ is the vector of Pauli matrices and we have chosen units in
which the overall energy scale is one. We assume periodic
boundary conditions along the x-direction and anti-periodic
boundary conditions along the y-direction; the anti-periodic
boundary conditions avoid the zero mode at kx = ky = 0 at
finite system size N . Observe that as kx, ky → 0, H(k) ≈
kxσx + kyσy , which is the Hamiltonian corresponding to a
single Dirac fermion. As H breaks time-reversal symmetry,
the fermion doubling theorem does not apply.
We again use the method discussed in Ref. 48 which relates
the eigenvalues of the reduced density matrix ρA to those of
a ground state correlation matrix. In this case, the latter is
given by Cij = 〈c†i ci〉 for lattice sites i and j. We restrict C
to the region A and denote the corresponding matrix by CA.
The expressions for the von Neumann and Re´nyi entropies in
terms of the eigenvalues λi of CA read
S1(A) =
2NA∑
i=1
−λi lnλi − (1− λi) ln(1− λi), (30)
Sα(A) =
1
1− α
2NA∑
i=1
ln (λαi + (1− λi)α) . (31)
C. Numerical extraction of corner terms
In order to obtain aα(θ) from Eqs. (27) and (31), the leading
area law term in Eq. (2) must be removed either with fitting or
by subtraction. The length scales involved in the calculation
are the linear size of the entire system L (infrared regulator
of the theory), the lattice length scale δ (ultraviolet regulator),
and the bipartition length `. Eq. (2) holds in the regime L 
` δ.
We employ two different strategies to obtain aα(θ) in the
thermodynamic limit. The first is the direct approach, in
which we compute the entropy of a region A defined by a
regular polygon with n sides of length `, embedded in an
N = L × L torus. The simplest scenario for this type of
calculation is for region A to be a square, with four corners.
In order to suppress any ratio-dependent sub-leading contribu-
tions to Eq. (2), we fix the aspect ratio of the square and torus,
e.g. L/` = 4 as used below. We then produce data for a range
of sufficiently large ` in order to extract naα(θ) as the coeffi-
cient of the logarithm in Eq. (2). For the square with n = 4
corners for example, we obtain 4aα(pi/2) as the coefficient.
The same approach provides the corner coefficient for an-
gles other than θ = pi/2 if we choose region A appropriately.
For example, in the left panel of Fig. 5, A is a closed polygon
that winds around the torus with two trapezoidal pits whose
corners subtend angles θ and 2pi−θ. As the corner coefficient
is symmetric (Eq. (3)), the net coefficient of the logarithm for
A in the left panel of Fig. 5 is 8aα(θ). Computing the cor-
ner coefficient for angles θ˜ < pi/2 involves the subtraction
tan θ = −2
θ
2pi − θ
ℓ
tan θ = −2
tan θ˜ = 2
θ
θ˜
ℓ
FIG. 5. Closed polygons in periodic boundary conditions in order
to obtain the corner contribution from fitting the area law to the full
entanglement entropy. Examples are shown for tan θ = −2 (left
panel) and for tan θ˜ = 2 (right panel) which requires the subtraction
the θ-contribution.
of at least one other previously-obtained corner contribution.
E.g. for pi/4 we take an isosceles right-angled triangle and
subtract the pi/2 corner contribution. Similarly we use a par-
allelogram with angles such that tan θ˜ = 2 and tan θ = −2
(Fig. 5 right panel) and obtain the coefficient aα(θ˜) by sub-
tracting the contribution from the angle θ = pi − θ˜ to the
logarithmic coefficient.
In the direct approach, we include sub-leading contribu-
tions to the functional form of Eq. (2) in order to obtain a
reliable fit. As discussed in the next section, this is particu-
larly problematic for the free boson, due to the presence of a
O(1/L) sub-leading correction. In contrast, it is successful
for the free fermion, which has much weaker sub-leading cor-
rections, see subsection IV D 1. The periodic boundary con-
ditions of the torus enable us to access system sizes of ∼ 104
sites for subsystem A.
An alternative strategy to the direct approach21,22,24,33 is to
perform finite-size scaling with the numerical linked-cluster
expansion (NLCE). In addition to systematically accessing the
limit L, ` → ∞, the NLCE eliminates the area-law piece and
O(1/L) corrections to the Re´nyi entropy, providing direct ac-
cess to the corner coefficient. The NLCE is based on deter-
mining a certain “property” P of interest for all embeddable
subclusters c of the lattice up to the maximally achievable lin-
ear size, dubbed cluster order. We use the variant developed
in Ref. 22 and restrict ourselves to open-boundary rectangular
clusters. Every cluster is assigned a weight
W (c) = P (c)−
∑
s∈c
W (s), (32)
where s is a subcluster of c, such that the “property” (defined
below) divided by the number of cluster sites N for the total
lattice of linear size L is
P (L)
N
=
∑
c
e(c)×W (c), (33)
with an embedding factor e(c) that is one for square clusters
and two for rectangular clusters with differing length of both
dimensions.21
8c1
+
c2
+
c3
− c4−
FIG. 6. Bipartitions c1, c2, c3 and c4 used to determine the corner entanglement for θ = pi/2 according to Eq. (34).
Our “property” P is the sub-leading logarithmic term of
Eq. (2) which can be elegantly obtained by computing the en-
tropies for four bipartitions c1, c2, c3 and c4 (depicted for a
corner angle θ = pi/2 in Fig. 6). Bipartitions c1 and c2 both
possess a single corner while c3 and c4 are corner-free but
have the same total boundary length. Hence, adding them as
Pr(c) =
1
2
[S(c1) + S(c2)− S(c3)− S(c4)] , (34)
intrinsically cancels the leading boundary contribution. This
procedure is repeated for every possible location r of the cor-
ner and the results are added; P (c) =
∑
r Pr(c). Finally,
we perform a fit of the total property P (Lc) against lnLc –
where Lc is a measure of the cluster length scale33 – in order
to obtain aα(θ).
To access the corner coefficient of angles other than θ =
pi/2 in NLCE, we pixelate (at the ultraviolet scale) one of the
lines whose intersection defines the vertex. This is shown in
Fig. 1 for θ = pi/4 and θ = arctan(−2). The pixelation gives
access to the family of opening angles θ = arctan(p/q) for
integer p, q.
The final values for aα(θ) are obtained from the following
two-step extrapolation. The initial raw data are the values of
the property from the NLCE or the direct approach. First, we
perform a linear fit of these values against lnL (least square
fit to Aα` − aα ln ` + c) in order to extract the corner coeffi-
cient in the NLCE (direct approach). We take fitting intervals
of L of constant size ∆L, i.e. [Lmax −∆L,Lmax], and obtain
corresponding a(Lmax)α (θ). Second, we carry out an extrapola-
tion of these values to the thermodynamic limit Lmax → ∞.
This is done allowing for an arbitrary scaling exponent p, i.e.
fit a(Lmax)α (θ) to A+B/Lpmax as in Ref. 33 and taking A as the
final value for aα(θ). For the boson, we achieve cluster sizes
up to L = 55.
The direct approach and the NLCE algorithm are comple-
mentary methods for extracting the corner coefficient and per-
forming systematic finite size scaling on any lattice model.
A close examination of the convergence properties of each is
generally necessary to determine which method is the most
suitable for any given model. We find that the NLCE is very
successful at performing reliable finite size scaling for the free
boson, as it eliminates theO(1/L) correction to the Re´nyi en-
tropy discussed in Section IV D 1. In contrast, we find that ob-
taining sufficient data to perform the required fits with NLCE
is challenging for the free fermion. There, one has two sites
in each unit cell, which doubles the linear size of every matrix
involved, exacerbating finite size effects. Thus, in the results
below, we generally use NLCE to obtain boson data, and the
direct approach for the Dirac fermion.
D. Results
In this section, we use the numerical techniques outlined
above to compute aα(θ) for the free boson and the free Dirac
fermion. In Section IV D 1, we present the corrections to
Sα(A) due to the finite infra-red regulator L. These correc-
tions affect the extrapolation to the thermodynamic limit, as
discussed in the previous section. Next, in IV D 2 we analyze
our results for ab,fα (θ) and compare them with our new field
theory estimates, and with the literature. In Section IV D 3,
we use our best numerical extrapolation techniques to exam-
ine the duality between the entropy corner coefficient for free
bosons and fermions.
1. Infra-red scaling
We examine the infra-red (IR) contribution to the entropy
for the free boson Hamiltonian of Eq. (24) and the free
fermion Hamiltonian of Eq. (28). To isolate this IR contri-
bution, we perform calculations of the entanglement entropy
S1(A) in the case where region A is a fixed size, so that all
contributions that scale as `/δ are constant. Below we take A
to be a single site, although the exercise could be repeated for
general regions. As we discussed in Secs. IV A and IV B, the
entropies are calculated from the two-point correlation func-
tions inside of regionA. WhenA is a single site, we thus only
need to calculate the correlators on this one site.
For massless free bosons, the correlators for a single-site
region A are given in the (non-discretized) field theory by
〈φ†iφi〉∼
∫
d2k 1k and 〈pi†ipii〉∼
∫
d2k k. Since the magnitude
k must be integrated from 2pi/L to 2pi/δ, one finds that the IR
contribution is O(1/L) for 〈φ†iφi〉 and O(1/L3) for 〈pi†ipii〉.
Substituting into Eqs. (26) and (27) then gives that the lead-
ing IR contribution to the entropy Sα is O(1/L). In Fig. 7,
we show numerically that the entropy S1 does indeed become
linear in 1/L as the boson becomes massless (m → 0). This
figure shows results for open boundary conditions, and we
also observe the same scaling behavior on lattices with fully
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FIG. 7. The entropy S1 for free bosons as a function of 1/L for the
case where regionA is a single site and the lattice has open boundary
conditions (the same as the boundary conditions used in the NLCE).
As expected, we see that the leading IR contribution to the entropy
is O(1/L) when the boson is massless (m = 0). Similarly, the
inset shows the single-site entropy for the massless fermion (on a
lattice with antiperiodic boundary conditions) and illustrates that the
leading IR contribution is O(1/L3), which corresponds to a faster
decay than the entropy for the free massless boson.
anti-periodic boundary conditions or with periodic boundary
conditions in one direction. Note that the entropy is divergent
when the lattice has fully periodic boundary conditions and
m = 0 due to the zero mode at kx = ky = 0. In general
spatial dimension d ≥ 2, one can show similarly (and verify
numerically) that the leading IR contribution is O(1/Ld−1).
One generally expects, and we have confirmed numerically,
that this IR scaling survives for regions A of fixed arbitrary
shape in the limit L→∞. The finite size of A merely affects
the crossover value of L beyond which the 1/L scaling holds
in Fig. 7.
For massless fermions, similar calculations reveal that the
two-point correlators scale as O(1/L3) and the leading IR
contribution to the entropy is also O(1/L3). This behavior
is observed in our numerical calculations and illustrated in the
inset of Fig. 7. The rapid decay of the leading IR correction
means that finite size effects are much less pronounced for
fermions than bosons.
2. Angle dependence of corner entanglement
We use the methods of Sec. IV C to determine the corner
contribution for general angles θ. In addition to θ = pi/2, we
choose six other angles, namely those which can be pixelated
most naturally on a square lattice, i.e. where the slope of one
line is ± 12 ,±1,±2, as illustrated in Fig. 1. The actual angle
is obtained by taking the arctangent of these slopes and trans-
posing it into the range of [0, pi]. The finite angle results are
given in Tables I and II for the free boson and Dirac fermion,
respectively. These tables also include field theory estimates,
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FIG. 8. Angle dependence for the von Neumann (α = 1) entropy.
The lattice data agree very well with our new field theory based
ansatz, Eq. (22). For the field theory ansatz and series curves, see
Section III.
discussed in detail in Section III.
Consider first the corner coefficient in the von Neumann
entropy (α = 1) plotted in Fig. 8. By Eq. (6), a1(θ) is pro-
portional to the central charge CT of the stress-tensor of the
CFT26,30 in the smooth limit. We therefore plot the ratio
a1(θ)/CT , where37 CT = 3/16pi2 . The numerically ob-
tained data points are shown in solid blue and green. In ad-
dition, we plot the series expansion about the smooth limit
obtained using the methods of Ref. 9 up to order 14 (fermion)
and 16 (boson) in (θ − pi). Our numerical lattice data is in
good agreement with the truncated series for small (pi − θ).
At θ = arctan(1/2) ≈ 0.46, however, there is a 6% (boson)
and 9% (fermion) difference between the lattice data and the
series. In contrast, our new field theory ansatz Eq. (22) only
deviates by 1% from the lattice data at this angle for both the-
ories. See Tables I-II for the comparison at all angles.
We next examine the corner coefficient for the Re´nyi
entropies with arbitrary α. Limited numerical results are
available for comparison from the literature. For the bo-
son: ab1(pi/2) = 0.02366,
31,32,49 ab2(pi/2) = 0.0128(2),
31,49
ab3(pi/2)=0.0100(2),
31,49, ab4(pi/2)=0.0086(2).
49 In the first
3 cases the agreement with our findings (see Table I) is excel-
lent, while it is less so for the last one. There we expect that
our new field theory answer is the most accurate: 0.00946. For
the Dirac fermion, a1(pi/2) = 0.02329,32 again in agreement
with our finding, Table II. In the less explored regime of α<1,
Ref. 50 indirectly obtains ab1/2(pi/2) = 0.058(2) by using
the entanglement negativity. For this value of α, our method
yields 0.058, in agreement. Further calculations are summa-
rized in Fig. 9, where we compare aα(θ) for α = 1, 2, 3, 4,
for both bosons and fermions. For the Re´nyi entropies, a sim-
ple lower bound has been derived in Ref. 38, which we find is
strictly obeyed in all cases.
The first smooth limit expansion coefficients σα in Eq. (5)
have been computed in Refs. 28 and 34 for the free boson
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tan θ
α = 1 α = 2 α = 3 α = 4
series ansatz lattice series ansatz lattice series ansatz lattice series ansatz lattice
1/2 0.1453 0.156 0.154 0.08208 0.0881 0.087 0.06686 0.0718 0.069 0.06041 0.0649 0.061
1 0.08037 0.0810 0.0809 0.04494 0.0453 0.0450 0.03652 0.0368 0.0365 0.03296 0.0332 0.033
2 0.04816 0.0482 0.0483 0.02668 0.0267 0.0268 0.02163 0.0217 0.0215 0.01952 0.01953 0.019
∞ 0.02367 0.0237 0.0236 0.01297 0.0130 0.0130 0.01049 0.01049 0.0104 0.009459 0.009459 0.0092
-2 0.01051 0.0105 0.0105 0.005718 0.00572 0.00572 0.004617 0.004617 0.00454 0.004160 0.004160 0.0040
-1 0.005040 0.00504 0.00507 0.002733 0.00273 0.00272 0.002205 0.002205 0.00218 0.001986 0.001986 0.0019
-1/2 0.001705 0.00171 0.00170 0.0009226 0.000923 0.000923 0.0007439 0.0007439 0.000747 0.0006700 0.0006700 0.00067
TABLE I. Boson: Finite angle results for aα(θ) for the boson at Re´nyi index α = 1, 2, 3, 4. The series and ansatz Eq. (22) results are obtained
using field theory, whereas the lattice results are obtained numerically using NLCE. The truncated series result includes terms up to (θ−pi)16,
and can be taken as a lower bound for aα(θ).
tan θ
α = 1 α = 2 α = 3 α = 4
series ansatz lattice series ansatz lattice series ansatz lattice series ansatz lattice
1/2 0.1334 0.146 0.147 0.08691 0.0955 0.096 0.07475 0.0821 0.082 0.06921 0.0760 0.077
1 0.07654 0.0776 0.0777 0.04965 0.0503 0.0504 0.04266 0.0433 0.0434 0.03949 0.0400 0.0406
2 0.04672 0.0468 0.0466 0.03017 0.0302 0.0302 0.02589 0.0259 0.0259 0.02396 0.02400 0.0241
∞ 0.02329 0.02329 0.02329 0.01496 0.01496 0.01496 0.01282 0.01282 0.01282 0.01185 0.01185 0.01189
-2 0.01043 0.01043 0.0106 0.006669 0.006669 0.00674 0.005710 0.005710 0.00571 0.005278 0.005278 0.00527
-1 0.005022 0.005022 0.0049 0.003204 0.003204 0.0032 0.002742 0.002742 0.0026 0.002534 0.002534 0.0023
-1/2 0.001703 0.001703 0.002 0.001085 0.001085 0.001 0.0009282 0.0009282 0.001 0.0008579 0.0008579 0.001
TABLE II. Fermion: Finite angle results for aα(θ) for the Dirac fermion at Re´nyi index α = 1, 2, 3, 4. The series and ansatz Eq. (22) results
are obtained using field theory, whereas the lattice results are obtained numerically using the direct method. The truncated series includes
terms up to (θ − pi)14, and can be taken as a lower bound for aα(θ).
and the Dirac fermion for a few Re´nyi indices. Plotting our
numerical data for aα(θ) divided by the corresponding σα in
Fig. 10a, we see an almost complete collapse of the different
Re´nyi EE onto a single curve. This surprising result suggests
that σα essentially determines the values of aα(θ), even at an-
gles near pi/2. At smaller angles, the spread among the differ-
ent curves becomes clear. In that regime it is more sensible to
examine aα(θ)/κα, where κα determines the 1/θ divergence,
as is shown in Fig. 10b.
In addition, our data indicates that ab1(θ)>a
f
1 (θ), while the
inequality is reversed for α = 2, 3, 4: abα < a
f
α. In general,
our results show that the boson corner term, when normalized
by the smooth limit coefficient, exceeds that of the fermion
for α = 1, 2, 3, 4:
abα(θ)/σ
b
α > a
f
α(θ)/σ
f
α . (35)
In Ref. 26, it was noted that the Dirac fermion and a family
of strongly-coupled critical theories described by the holo-
graphic correspondence, and other models, have a1(θ)/σ1
less than that of the free boson. It is possible that this applies
to all CFTs, but it remains to be shown. Here we raise the
stronger question: is aα(θ)/σα an upper bound for all CFTs,
at least in a range of α? It will be interesting to resolve this
question, which is related to the physical meaning of σα for
α 6= 1. For the free boson and Dirac fermion σα is related
to the scaling dimension of twist operators,34,51,52 and it is not
clear whether this holds in general.
All of our numerical data points in the figures are summa-
rized in the lattice columns of Tabs. I and II. Their strict con-
fidence intervals are hard to rigorously determine, as there are
systematic errors related to the restricted size of the lattices
and the various options available in the data fitting procedures.
In the tables we show the digits that we found to be robust
against variations in the fitting ranges. The accuracy varies
from two digits for smooth angles at α = 3, 4 to four digits
for θ = pi/2. We estimate that the third significant digit of
the resulting corner coefficient contains the systematic uncer-
tainty.
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FIG. 9. Corner entanglement for Re´nyi entropies for the free boson (left panel) and the Dirac fermion (right panel). The numerical data is
compared to our new field theory ansatz, Eq. (22), at M= 8 (7) for the boson (fermion).
3. Boson-fermion duality
An exact duality between the smooth-limit corner coeffi-
cient σα of the boson and fermion was identified in Ref. 26:
α2σfα = σ
b
1/α. (36)
In this section, we study the extent to which the duality holds
at angles θ < pi. That is, we ask whether
α2afα(θ)
?
= ab1/α(θ) (37)
holds also at generic θ.
To wit, we plot the two sides of Eq. (37) for Re´nyi indices
α ∈ [ 15 . . . 5] at θ = pi/2 in Fig. 11. In the left panel, we test
Eq. (37), while in the right panel, we test the same equation
when α → 1/α. The plots show that the duality approxi-
mately holds even at θ = pi/2. Moreover, the data are in
good agreement with exact results available in the literature
for some integer-valued Re´nyi entropies (see Sec. IV D 2 for
details). We note that at α = 1, we have26,28
σf1 = σ
b
1 =
1
128
(38)
1
2
1 2 ∞ -2 -1 − 1
2
tan θ
0
5
10
15
20
a
α
(θ
)/
σ
α
boson fermion
α=1
α=2
α=3
α=4
α=1
α=2
α=3
α=4
other CFTs
Ising, α=1
XY, α=1
Heisenb., α=1
AdS/CFT
1
2
1 2 ∞ -2 -1 − 1
2
tan θ
0
2
4
6
8
10
a
α
(θ
)/
κ
α
boson fermion
α=1
α=2
α=3
α=4
α=1
α=2
α=3
α=4
other CFTs
AdS/CFT
FIG. 10. Collapsing the corner entanglement after dividing aα(θ) by the smooth limit coefficient σα (left panel). The solid lines are obtained
using field theory Eq. (22), while the markers are lattice data. We also show the pi/2 data for the O(N) Wilson-Fisher QCPs with Ising, XY
and Heisenberg symmetry. The AdS/CFT result corresponds to a strongly-interacting CFT.35 The solid lines show the new ansatz. Another
way to collapse the data is to divide aα(θ) by the sharp limit coefficient κα (right panel), which achieves a better agreement for θ < pi/2.
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FIG. 11. Testing the boson-fermion duality at θ = pi/2. The data for fermions has been obtained by a fit to the area law using an exact
diagonalization of the subsystem correlation matrix. For bosons, the NLCE was used. a∞(pi/2) was computed using the BMW ansatz34 to be
0.0093 (0.00715) for the fermion (boson) respectively. Both plots display the same data with different α prefactors, in order to resolve clearly
the duality for both sides of α = 1.
If the duality were to hold for all θ at α = 1, a1(θ)/CT would
be the same for the boson and the fermion. Fig. 8 plots this
function for the two theories. The results can hardly be dis-
tinguished on the interval [pi/2, pi], showing that the duality is
robust in this range. However, the growing discrepancy be-
tween the two curves as θ → 0 proves that the duality breaks
down in that limit. Indeed, the coefficients of the 1/θ diver-
gence, Eq. (8), clearly differ: κb1 = 0.0794 and κ
f
1 =0.0722.
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The precision of the computation is expected to be better
for α ≥ 1 as compared to α < 1. Computing the values of the
Re´nyi entropies involves a sum over many eigenvalues raised
to the power of the Re´nyi index. Per default, the numerical
precision of floating point numbers and operations on them is
16 digits in the mantissa. However, if we compute, for exam-
ple, the 14 -Re´nyi entropy the precision is reduced to four digits
after taking the 14 th power in the sum in Eq. (31). These values
enter the outer sum of the entropy formula and are then further
relied upon in the NLCE or the finite-size fit to the area law
in the direct approach. As a result, the precision of the corner
term for small Re´nyi indices is reduced such that, for α < 0.5,
it is difficult to find asymptotic behavior for both fermions and
bosons using standard precision floating point numbers.
We therefore employ arbitrary precision numerics to obtain
the Re´nyi entropies for all α < 1. This leads to a dramatic
reduction on the achievable system size (or cluster order) as
these routines — in particular the diagonalizations — are sig-
nificantly slower. Since this problem does not apply for α ≥ 1
we combine the corner term curves for both the fermions and
the boson from two different calculations — high precision
but lower order for α < 1 and standard precision but higher
order for α ≥ 1. This likely explains the slight deviation from
the duality which becomes apparent near α = 5 (α = 1/5
resp.).
We can further test the duality at θ=pi/4 by using the boson
results of Ref. 50: ab1/2(pi/4) = 0.0195(6) and a
b
1/2(3pi/4) =
0.012(1). We can compare these with the “dual” fermion re-
sults: 22af2 (pi/4) = 0.0202(4) and 2
2af2 (3pi/4) = 0.0128(4).
Both sets of values agree within the estimated numerical un-
certainty, which is contained in the last given digit in Tab. II.
This further supports the statement that the duality works well
beyond the smooth limit.
Finally, we are unable to quantitatively determine how large
the discrepancy between the two sides of Eq. (37) is. The
finite system size and finite floating point precision contribute
to the error in the numerical computation. As the errors likely
behave differently at different opening angles and for the two
different field theories, an extrapolation to the thermodynamic
limit is tricky. Our results nevertheless show that the duality
is robust, in particular for the natural lattice angle of θ = pi/2.
V. DISCUSSION
We have presented a comprehensive analytical and numer-
ical study of the universal term in the α-Re´nyi entropies that
arise due to the presence of a corner in the entangling bound-
ary. We have focused on two non-interacting quantum critical
theories in (2+1) space-time dimensions: the free relativistic
boson and Dirac fermion. This corner contribution arises as a
logarithmic correction to the area law, with coefficient aα(θ)
being the universal quantity of interest.
First, we used a field theory approach9,31 based on an ex-
pansion around the smooth corner limit. Using this expan-
sion we obtained a new set of strong lower bounds for aα(θ).
We also constructed a simple closed-form ansatz, exact in the
limit of smooth and sharp corners, that gives high-precision
estimates for the corner coefficient at all angles.
We then employed a lattice numerical approach to obtain
aα(θ) for angles amenable to discretization on a square lat-
tice, away from the smooth corner limit. For free theories,
the reduced density matrix over region A can be obtained di-
13
rectly from the lattice correlation functions of the fields and
their conjugate momenta. We use this as the basis for a nu-
merical diagonalization scheme which can extract aα(θ) in
the thermodynamic limit through two finite-size scaling meth-
ods. One is a direct calculation of the α-Re´nyi entropies for
a closed polygonal region A embedded in a finite-size torus,
which we find gives the most accurate results for the fermion.
The other is a numerical linked-cluster expansion (NLCE),
which scales most favorably for the boson.
Our combined continuum and lattice approach allows us to
make a wide range of conclusions about aα(θ). First, we find
that the coefficient σα that determines the smooth limit behav-
ior, aα(θ ≈ pi) = σα (θ − pi)2, essentially controls aα(θ) at
angles as small as pi/2. This is illustrated by the near collapse
of aα(θ)/σα, Fig. 10. This also explains the robustness of the
boson-fermion duality beyond the smooth limit, where it was
originally derived.34 On the other hand, it is known that σ1 is
a measure of the gapless degrees of freedom of the system by
virtue of giving the stress tensor central charge, Eq. (6). Cor-
ner entanglement thus offers a practical way to probe gapless
modes in interacting lattice models, where a quasiparticle de-
scription often does not exist. This could be of immediate use
in lattice models that contain quantum phase transitions with
unknown low-energy descriptions, such as deconfined quan-
tum critical points.53–55
It would also be of interest to apply the numerical methods
used here to other theories. Quantum critical systems with
z 6= 1, such as the quadratic band touching model of fermions,
would be a simple example. Further, our methods and ideas
can easily be generalized to three56 (and higher) spatial di-
mensions, where very little is known. We expect that numeri-
cal studies of Re´nyi entropies in quantum critical systems will
reveal rich universal behavior centering around local corners
and vertices in the entangling boundary.
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Appendix A: Smooth limit coefficients
In this appendix, we give the smooth limit coefficient σ(p)α for both the boson and Dirac fermion, at α = 1, 2, 3, 4, see
Tables III-IV, respectively. These were evaluated to high precision using the methods of Ref. 9. The closed-form results for the
quartic coefficient σ′α are new. An outline of the calculation of σ
′
1 for the boson is given in Appendix B.
It is worth emphasizing that the computation is substantially easier for α> 1 compared with the von Neumann α= 1 case,
since the former requires one less integral compared with the latter, Eq. (18) versus Eq. (20). In practice this means that one can
readily obtain 50 digits of accuracy for α > 1. In Tables III-IV we have only quoted a few digits; the last one was rounded.
Figure 3 shows the coefficients for the boson normalized by their asymptotic value. We note that all the coefficients decrease
with increasing Re´nyi index in the range studied.
α σα σ
′
α σ
′′
α × 105 σ(3)α × 106 σ(4)α × 107 σ(5)α × 108 σ(6)α × 109 σ(7)α × 1010
1 1
128
20+3pi2
9216pi2
5.34655497 5.40160621 5.45758486 5.51156763 5.57181927 5.63580458
2 1
24pi2
5+pi2
480pi4
3.11534753 3.12412616 3.14738400 3.17722233 3.21122771 3.24805958
3 1
54
√
3pi
70
√
3pi−81
116640pi2
2.55467090 2.56091169 2.57924160 2.60327134 2.63086369 2.66084250
4 8+3pi
576pi2
2.35688862·10−4 2.31261323 2.31844302 2.33503767 2.35676191 2.38170782 2.40881642
TABLE III. Boson: First 8 smooth limit coefficients for the boson at Re´nyi indices α = 1, 2, 3, 4. All shown digits are significant. The
closed-form answers for σ′α are new.
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α σα σ
′
α σ
′′
α × 105 σ(3)α × 106 σ(4)α × 107 σ(5)α × 108 σ(6)α × 109
1 1
128
16+3pi2
9216pi2
4.8129970 4.8552317 4.9173353 4.9777097 5.0411447
2 1
64pi
35pi−8
30720pi2
3.19426062 3.18673787 3.21549955 3.25431008 3.29634926
3 5
216
√
3pi
410
√
3pi−891
466560pi2
2.75858323 2.74706275 2.76940330 2.80182652 2.83766869
4 1+6
√
2
768pi
2.70052231·10−4 2.55831357 2.54609628 2.56597999 2.59563462 2.62867463
TABLE IV. Fermion: First 7 smooth limit coefficients for the massless Dirac fermion for Re´nyi indices α = 1, 2, 3, 4. All shown digits are
significant. The closed-form answers for σ′α are new.
Appendix B: Exact calculation of σ′α
Here we show the key steps in the exact calculation of the coefficient σ′1 of (θ−pi)4 for the boson. It is defined via the double
integral
σ′1 =
∫ ∞
0
dt
∫ ∞
1/2
dmf(t,m), (B1)
where the integrand is a fairly complicated function that can be obtained from the system of equations for Ha derived by Casini
and Huerta.9 Following similar steps that Elvang and Hadjiantonis took in their derivation28 of the leading coefficient σ1 we
make the change of variables
u =
√
m2 − 14 . (B2)
After numerous simplifications, we obtain
f(t, u) =
u2sech2(pit) sinh(pi(t+ u))
48(cosh(2pit)− cosh(2piu))3
×
[
(cosh(2pit)− cosh(2piu))2 (3 (t2 − u2)+ (3t2 − 3u2 − 1) cosh(2piu) + cosh(2pit)) csch(pi(t+ u))
− 2 cosh(piu)
u
sinh(pi(t− u)) ((−3t2 + 3u2 − 1) cosh(2pit) + (−3t2 + 3u2 + 1) cosh(2piu)− 6t2 + 6u2)
× (2pi (u2 − t2) sinh(piu) + cosh(piu) (pi (t2 − u2) (coth(pi(t+ u))− coth(pi(t− u))) + 2u)) ]. (B3)
We further find it convenient to change variables to the center-of-mass and relative coordinates
R = (t+ u)/2 , r = u− t . (B4)
This substitution leads to certain simplifications; for instance, cosh(2piu)− cosh(2pit) = 2 sinh(pir) sinh(2piR) factorizes. We
then separate the integrand into more manageable parts and integrate term-wise. However, care must be used since certain terms
lead to divergent integrals when considered by themselves. In the process, one encounters integrals of the type∫ ∞
0
dR
∫ ∞
−∞
dr
r2R2
sinh2(pir) sinh2(2piR)
=
1
16
× 1
(3pi)2
, (B5)
which factorize. The final answer is
σ′1 =
20 + 3pi2
9216pi2
. (B6)
Appendix C: Bounds in strongly coupled holographic theories
We test the new lower bound a(M)1 (θ) using the gauge/gravity (AdS/CFT) duality. We shall drop the subscript α = 1 for the
remainder of this appendix. A beautiful prescription57 allows one to compute the corner function a(θ) for a family of quantum
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FIG. 12. Solid: corner function for holographic theories,35 normalized by the lower bound a(5). Dashed: the series including terms up to
(θ − pi)10, normalized by the lower bound.
critical theories,35 which are (supersymmetric) CFTs. We examine the bound for M=5, a(5)(θ). We can use the first 5 smooth-
limit coefficients computed analytically in Ref. 38. (The ratios of the first 4 coefficients are numerically given in Ref. 32, and
agree with the exact answers.38) The result is plotted in Fig. 12, where we verify that the hierarchy Eq. (17) holds:
5∑
p=1
σ(p−1)α (θ − pi)2p < a(5)(θ) < a(θ) . (C1)
The bound and series are very accurate up to θ ≈ pi/2.
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